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Let W :=e ¢ where Q is even, sufficiently smooth, and of faster than polynomial
growth at infinity. Such a function W is often called an Erdis weight. In this paper
we prove Nikolskii inequalities for Erdés weights. We also motivate the usefulness
of, and prove a Bernstein inequality of, the form
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for fixed a2, f>1, Pe?, n large enough and C>0 independent of #, P, and
x € R. Here, a, is the nth Mhaskar-Rahmanov-Saff number for W. i 1993 Academic

Press, Inc.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In recent years, attention has been given to Christoffel function estimates
and L, Markov-Bernstein inequalities for Erdés weights. See [4-6]. The
extension of Markov-Bernstein inequalities to L, requires the use of
Nikolskii inequalities since Nikolskii inequalities give a relationship
between metrics in different finite dimensional metric spaces of poly-
nomials. Our Bernstein tnequalities will be useful in the study of rates of
polynomial approximation. Some of the ideas of proof of sharpness of the
Nikolskii inequalities are those of Nevai and Totik [10]. The proof of our
Bernstein inequalities uses results of Lubinsky [4, 5]. Christoffel function
estimates established by Lubinsky and Mthembu [6] are crucial
ingredients of these proofs.

In this section we state our main results, We prove Nikolskii inequalities
and Bernstein inequalities in Sections 3 and 4, respectively.

Throughout, ,, n=1, 2, 3, ..., denotes the class of real polynomials of
degree at most n. Further, C, C,, C,, .., denote positive constants inde-
pendent of n, Pe #,, and xe€ R, which are not necessarily the same from
line to line. We use the usual o, O, notation and ~ as in [3-6]: We write
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INEQUALITIES FOR ERDOS WEIGHTS 215

S(x}~g(x) if there exist C,, C, with C, < f(x)/g(x)< C, for the specified
range of x. Similar notation is used for sequences.
The classical inequalities of Markov and Bernstein are respectively

WPy <P Py g Pe?, (1.1)
and

P’ <n(1=x?)""2 Pl _y 4y PeP,IxI<1. (1.2)

The interest in these inequalities lies in their application to rates of
approximation by polynomials. Their weighted analogues are used
similarly on rates of approximation by weighted polynomials. The most
general analogue of (1.1) for Erdds weights appeared in [4]. We need an
analogue of (1.2) which will be useful in establishing convergence of
orthogonal expansions associated with Erdds weights.

To state our results we need some notation:

DEFINITION 1.1. Let W:=¢"¢, where Q is even and continuous in R,
Q" exists in (0, o), and Q' is positive in (0, c0). Let

T(x):=1+-x5Q,;—S;—), xe (0, ), (1.3)
be increasing in (0, o0 ), with
lim T(x)=T(0")>1, (1.4)
lim T(x)= oo, (1.5)
and for each ¢>0,
I(x)=0(Q'(x)*), x- 0. (1.6)

Assume further that

%3 ~ {QQ((;))} s x large enough, (L.7)
and for some C >0,
m ‘ 2
l%,((;))l <C {QQ((;:))} , x large enough. (1.8)

Then we say that W is an Erdés weight of class 3, and we write
We SE*(3),
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Remarks. (a) The limit (1.5) implies that Q(x) grows faster than
any polynomial at infinity, while (1.6) is a weak regularity condition: one
typically has [4, 5]

T(x)=0([log Q'(x)]1'**),  x— o0, (1.9)

for each ¢ > 0. The restriction (1.4) simplifies analysis.

(b) The class SE*(3) is contained in the class SE(3) of [5], for in
[5] we take only ¢= {; in (1.6).

(c) As examples of We SE*(3) we mention

W(x) :=exp(—exp,{|x|*)), xe R, a> 1, k is a positive integer, (1.10)

where exp, denotes the kth iterated exponential exp(exp..) (% times).
Another example is

W(x) :=exp(—exp{log(4 + x?)}%), xeR,a> 1, Alarge enough. (1.11)

DEerINITION 1.2, Let W:=e 2%, where Q(x) is even and continuous in
R, Q’'(x) exists in (0, o0), and xQ'(x}) is increasing in (0, ov) with limits 0
and o at O and oo, respectively. For u>0, we define the
Mhaskar—Rahmanov-Saff number a,= a (W) to be the positive root of the
equation

w== [ au@a,00-2) P (1.12)
n Jo

It follows easily from the conditions of Definition 1.2 that for all >0, a,
exists and is unique. The number a,, n=1, 2, 3, .., is very important in that
the suprenum norm of a weighted polynomial lives in [ —a,, a,] (see [7]).

DeFinviTION 1.3, Given p and ¢ such that 0<p, g< oo, define the
Nikolskii constant N, :=N, (p,q), n=1,2,3, .., by

alr- 1 if p<
N.(p.q) :={ p=4

[(n/a,) T(a")l/z]uq.. e, if p>gq. (1.13)

We are now ready to state our main results.

THeoreM 14. (Nikolskii Inequality). Let WeSE*(3), a, be as in
Definition 1.2, and 0 < p, q < 00. Then there exists C >0 such that for Pe 2,
and n large enough,

||PWHLP(R)<CN” I1PWI L (w)- (1.14)
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In Section 3, we prove (1.14) sharp for p < ¢ and also sharp for p= oo and
g=2; and finally for 2<g<p < 0.

THEOREM 1.5. Let We SE*(3),
@, (x):=1-x*+1/T(a,), xeR. (1.15)

Let B, A>0 and a2 1. Then there exists C>0 such that for Pe #, and n
large enough,

max
xeR

Py Wx) o, (-r-)

fin

<2 max (1.16)

a, xeR

Plx) W(x) o, ({%) .

An

n

THEOREM 1.6. (Bernstein Inequality). Let We SE*(3). Let a3 and
B> 1. Then there exists C >0 such that for Pe 2, and n large enough,

max | P'(x) W(x)|1 — (—E)
xeR a,,,,
n X 2ja— 172
< C~—max | P(x) W(x) 1—(——) (L.17)
a, xeR (I’f"

Remarks. (a) The Markov inequality in [5, Theorem 2.6, p. 15] reads

n . ;
1P W, <C=T@,)  IPWI, 5 PeZ.  (L18)

n

In particular, it is valid for We SE*(3). Furthermore, the dependence on
n—namely (n/a,) T(a,)"*—is sharp (See [5, Theorem 2.6]) and is O(n?)
(cf. (1.1) above).

(b) The function @, defined by (1.15) plays much the same role for

Erdés weights as does the factor (/1 —x+1/n)(/1+x+1/n) in

analogous questions for weights on [—1,1]. See [9, Theorem 9.19,
p. 164].

(c) Theorem 4.1 below shows that for x =1, (1.17) is valid even for
pf=1

(d) Without the factor (1— (x/a,,,,)z)‘"‘ in (1.17) above, a factor
T(a,)"? would appear on the right-hand side of (1.17).

(e) If, for example, o >0, k is a positive integer and (see (1.10))

W(x)=e ¢,
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where

Qlx)=exp,(|x|*), xeR, (1.19)

then all conditions of Definition 1.1 are satisfied and

k
T(x)=« { I1 log, Q(x)}(l-*ro(l)), X — 00, (1.20)
j=1
A lengthy computation involving Laplace’s method shows that

a,=(log, n)'"* (1 +o0(1)), (1.21)
and

0'(a,)~=T(a,)"*
an a“ n

12

(log,n) 7 o 0. (1.22)

k
~n |: I1 log‘,n]
i=1

Thus, for the weight above, (1.14), (1.16), and (1.17) become, respectively:

IPWI iz
[(logkn)l/‘z]l,f‘p—l/q‘ pgq
<C ‘ PW ;
i ,log,m"? (log, m) 23V, ps gf 1P ke
(1.14")
x X
max |(P'W)(x) ¢, ("‘)
xeR aﬂn
‘ x \*— 12
< Cn(log,) " max |(PW)(x) ¢, (——-> , (1.16")
xeR a,,
where
k
@, (x):=1—-x+ l/ log, n;
ji=1
x 2|
max | (P W)(x) 1-(-)
xeR a[,,,
x 21a—1/2
< Cn(log, n) """ max |(PW)(x)|1— (a—> (1.17")
xeR Bn
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2. PRELIMINARY RESULTS

Let W: R — R be even, positive, and continuous, and such that all power
moments

[ owa,  j=01.2.,

exist. Associated with W? are the orthonormal polynomials p ; of degree j,
j=0,1,2, .., satisfying

f" 2, (X) pulx) Wix)dx=0,. jk=0,12, .. 2.1)

The nth Christoffel function is
o n—1 —1
A (W23 x):= inf J. (PW)? (1) dt/Pz(x)={ Y Pf(-r)} , (2.2)
Pedy_| ¥ __ Jj=0
xeR, n=1,23, ... Given a fixed s >0, we shall often use the notation
¢, =a,(l+s4,), 2.3)
where 4, = ((log n)/nT(a,))*".
Lemma 2.1. Let We SE*(3), 0<p < o0, and ¢, be defined by (2.3), with
5§20 fixed but large enough. Then for Pe @, and n large enough,
IPWI Ly S2HPW g oot (2.4)

Moreover, if p= cc, we have

I1PWI 2= IPWI ., (2.5)

[ —an. anl*
Proof. Equation (2.4) follows from (5.8) of Theorem 5.2 in [5], and
(2.5) is (5.1) of Theorem 5.1 in [5]. |

LEMMA 2.2. Let We SE*(3), and let a,, n= 1, denote the nth Mhaskar—
Rahmanov—Saff number for Q, defined by (1.12). Then for n large enough,

max A7 (W2, x) Wz(x)~a£- T(a,)"?, (2.6)
xeR n
and
x 1:2 n
max A (W32 x) Wi(x) |1 — (——) ~— 2.7)
xeR a, a,
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Proof. These are respectively (1.17) and (1.18) of Theorem 1.2 in
[61 1

LEMMA 2.3 Let We SE*(3). For any fixed 0 <a<f < o0, as n— o,

T(a,,)~ T(ay,). (2.8)
Furthermore,
1 -2 Ta) (2.9)
a/in
lim 2oy, (2.10)

w—ox d,
and for each &> 0,

T(a, )= 0(n%), n— ow. (2.11)

Proof. Equations (2.8) and (2.9) are respectively (2.7) and (2.8) of
Lemma 2.2 in [6]. Equation (2.10) is (3.18) of Lemma 3.2 in [5]. Equa-
tion (2.11) follows from (1.6) and (2.25) of Lemma 2.3 in [4], noting that
the function x(x) there is 7(x) in this paper, and that a, - oc asn—oo. |

We observe that if We SE*(3), then
Wk .=e *2e SE*(3), k=123, ...

This is easy to show because 7(x), defined by (1.3), is the same for both
W and W*.

LemMMA 24. Let WeSE*(3), and let a,, n=1, be defined by (1.12).
Then for n large enough,

max;;'(wz“,x)WZ"(x)~alT(an)'~“2, k=1,2,3,.. (212)

veR n

Proof. We note that the nth Mhaskar-Rahmanov—Saff number for kQ,
k=1,2,3, .., which we denote by a}, is the positive root of

ne

8 Z% Ll a*t(kQ) (aX*n)(1—1*)~"du.

Then, the above implies that a¥ =a, ,. We obtain (2.12) from (2.6), (2.8),
and the observation before this lemma. ||
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LeMma 2.5, Let We SE*(3). For n= 1, let

: a,xQ'(a,x) —a,sQ'(a,s) ,

W,(x) ;:j (1—5)"'7 s, xel0,1].
1/(2a,) a,x—a,s
(2.13)
Then there exists C >0 such that for Pe %, and n large enough,
HPWY (x))
<CIIPWI . )
» {(1 = |xl/a,) " [l (X1 = 1) dt, x| <a,[1—(nT(a,)) *]
(nT(a,))**/a,, [x[>a,[1—(nT(a,)) ]
(2.14)

Proof. This follows from (1.25) of Theorem 1.5in [4], withe=1,r=1,
and the fact that A in [4] is such that A* ~ T(a,) [5 (344) of
Lemma 34]. |

LEMMA 2.6. Let We SE*(3). Let

o %) = jz fo' (t:j )”2a"sQ’(a’"zsz__‘{;f)Q/(a"x) ds, (215)
xe(—1,1), n= 1. Then for n large enough and 1 <1< 1,
Hoa)~ (1= 0222 (1), (2.16)
and
By (D=L (2.17)

Proof. Equation (2.16) follows from (3.26) of Lemma 3.2 in [4], with
¢ = 1. Equation (2.17) follows from (2.14) of Theorem 2.4 in [6]. |

3. PrROOF OF THE NIKOLSKII INEQUALITY

LeMMA 3.1. Under the conditions of Theorem 1.4, with p=o0 and g
arbitrary, (1.14) holds.

Proof. We prove this lemma in three steps. We can express an arbitrary
Pe 2, in the form

P(x)= i d;p,(W? x).
j=0
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By the Cauchy-Schwarz inequality and Parseval’s identity,

1/2

[(PW)(x)] <( s d%) ( Y pAW, x) WZ(x))
/=0 Jj=0

1/2
:<'[ |(PW)(¥)|2dx> (,’{’:Jl(Wz’ x) Wz(x))m.

If we take the maximum over R on the above, and use (2.6) and (2.8),
(1.14) holds for p=cc and ¢=2.

Next, we show that (1.14) holds for p=o0 and ¢g=2k, k=1,2,3, ... We
note that P*e#,, k>1, whenever Pe#,. By (2.8), (2.12), and the
inequality above,

LPAWHL iy < U Wy (max A, (W3, x) W3(x)) 2

n ) 1,2
<C, [a_ T(a,,)”z:l IPWH Il L)

n

Then the result follows from the above by taking kth roots on both sides.
Finally, we show that (1.14) holds for p=co and g arbitrary.
Let 2k be the smallest positive integer greater than or equal to g, g fixed
but arbitrary. Then since (1.14) holds for p=oc and ¢ =2k, k > 1, we have
n ‘ 1/2k 1/2k
1PWI 0 < C [a— Tia,)"” | (Jiewore |(PW)(x>|2*"dx)
/2%

1 172k
T(a,,)”] i|Pwnffgn‘.“””(fl(PW)(x)w) :

| =

e[

)

n

So,
n 12k
2 2k
IPW9%, <C, [a— T(a,)" } I1PWI42%,

n
This completes our proof. |

Proof of (1.14) of Theorem 1.4 for p<q. By Holder’s inequality and
(2.4) above,

Cn

l/q en (¢ —p)pq
IPW ) 1) < 2 U |(PW)(x)|7" dx] [J: dx]

< C4 ||PW|| Ly(R) CI/P- l/q.

n

Cn

Then (1.14) follows for p < ¢ from the above since ¢, < Cga, as 4, =0(1)
in (2.3). 1
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Proof of (1.14) of Theorem 1.4 for p>¢q. By Lemma 3.1 above,

ip
I1PWI 1z = (f [(PW)(x)[? (PW)(x)]” 7 dx)
<|PW\P &7 ”PWIVE::R)

n 2 (p—4)ipq . )
<C, [;— T(a,)" ] IPWI 07 |PW 4,

Then (1.14) for p > q follows from the inequality above. |

Using the methods of [10], we now investigate the sharpness of
Theorem 1.6.

Proof of the Sharpness of (1.14) of Theorem 1.4 for p<q. We show that
under the conditions of Theorem 1.4 there exist a constant C>0 and a
sequence of polynomials {S*}*_| with degree S* <n, such that

n=1
ISEW I 1y = CNLISEW |, - (3.1)

Under our conditions on Q, Theorem 5.4 in [ 1] implies the existence of an
even entire function G defined by

G(x):=Y /zZ,,rz’, hy 20, (3.2)
j=0
such that
G(x)~W(x)™ !, xeR

We define S* to be the (n#/2)nd partial sum of the power series in (3.2)
above. Then

0<S*(x)<C,W(x)~', xeR (3.3)

By the Hermite contour integral error formula,

n+1
G(x)—s:(x)=—l~j E(—'l(f> di, x| <r
|

i o r—x\1

and so

1 Gt 3 n+1
|G(x)— S¥(x)| € 2rnr max —( ) z

2n fl=r |t—=X|}F

n+1
r G(r) (E—') (as G has non-negative coeflicients)
r—lxl\r
n+1
< Ce2 (%) , provided |x| < %

640/75/2-8
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Now, let us suppose that for some 0 <e< 31, |x| <er. Then

1G(x) = Sy < C, exp(Q(r)) &"

=C, exp (n [—log + Q(r)]),

and choosing r=a,, we get

[G(x)—SX(x)| <C,exp (n [—logé-l-g—(:—")]) =0(1),

since Q(a,)=o0(n),n—> o (see {4, Lemma 2.2(a}]). This shows that there

exists 0 <& < 4 such that
Glx) < SF(x)+o(1),
uniformly for [x| <ea, and »n large enough. Thus we have
W(x)'<CyS¥x), Ix| <ea,.
Given r>0, by (3.3) and (3.4) we have
ISEW Loy Z ISEW N Lt~ can. a1 ™~ @

and by (2.4)

ISYW L) S2USKW g e, ey S Coa"
So, for any 0 <r < co,

ISVl L ~a,,  nzl,

and hence (3.1). |

(3.4)

(3.5)

(3.6)

Proof of the Sharpness of (1.14) of Theorem 1.4 for p= o and g=2. By

(2.2),

2
sup 4, (W2 x) Wi(x)< sup %
xeR pesy 1PWiLm)

Using (2.11) and taking square roots we have

L] PW
Clo l:f__ T(a")lrzjl S Sllp ul&@,
a,, Pe#, ”PW” L(R)

which completes this proof. |
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We now use the sharpness of (1.14) of Theorem 1.4 (p=occ and g=2)
to prove sharpness for 2 < g <p < 0.

Proof of the Sharpness of (1.14) of Theorem 1.4 for 2<gq<p<oc. By
the sharpness for p=oc and ¢ =2, we have

WP*WY . )= No(0, 2) | P*W| ), (3.7)

for some P*e 2. Here, N, (o0, 2) := C[(n/a,) T(a,)"* 1" (cf. (1.13)). Let
2 < g < p< . By Theorem 14,

IP*WIl . y S Nal00, 22 | P*W | )- (3.8)
Next, we observe that
IP*WI L m) S IPHWIY 2V I P,
=P*WI L @I N0, 2) 74 IP*WI e,  (by(3.7))
=N(0,2) Y| P*W|,, ), (3.9)
Combining (3.8) and (3.9) we obtain
IP*WI . 5y =Nalo0, 2) | P*WIl, ) (3.10)
Again, by Theorem 1.4,

HP*WHL,((R)QNH(w’ 2)2/,, ”P*W“ Lp(R)>
and so
IP*W Il Ly < Nolo0, 2) " | P*W | ()
= N, (00, 2)" ¥9- 20 | PRy LR (3.11)

by (3.10). This completes our proof. |

4. PROOF OF THE BERNSTEIN INEQUALITY

i/2

THEOREM 4.1. Let We SE*(3). Then there exists C>0 such that for
Pe P, and n large enough,
1 “)2 <C=Pw) (4.1)
a" ~ an LI'N)- .

Proof. |(PW) (x)| =|(P'"W)(x)+ Q'(x)(PW)(x)I. So,

max | P'(x) W(x)
xeR

[(P'W)(x)| < |(PW) (x)] + Q" (xHPW)x)I.
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It is easy to show that

2
x X
1—(—) ~ 1—|—~|, x| <a,.
al a"

7

By (2.14), (2.16), and the two inequalities above, and for a,/2 <|x| <
a,[1—(nT(a,)) "],

2\ 152
(P W)(x)| <1 —(1) )
a"

RN n
SC‘ll “PW”L;(R)<1 _(;-> ) [. -#n,(l,,(’)dt

n Ylxlian an

2\ 172
S (1-(2)) 1w (42)

We estimate the first term on the right-hand side of (4.2). By (2.17)

! 1 dt
j .un,a,,(t)dtsclzj. "‘_—_2'<Cl3(l—l£“‘> . (43)
! a

[xlfdy x(/dy | "

To estimate the second term of (4.2), we recall that a,, where » is a positive
integer, is the positive root of

_2 ! ’ 2y — 12
n—; fo a,tQ'(a,1)(1—1t7) dt.

So,
2 ! ‘
n> —f a,1Q'(a,1)(1—12) V2 di
T Y )xlia,
2
—J O'(x)1—3) V2 dy
n rlu,‘
[x]\ "2
2C,a,|Q(x) 1*;* : (4.4)

By (4.2) (4.4), and for a,/2 < |x| <a,[1 — (nT(a,))”¥*],

2 /
(=)
a"

n
SC,Sa— 1PWIL ) (4.5)



INEQUALITIES FOR ERDOS WEIGHTS 227

For a,[1 —(nT(a,)) 1< |x|<a,, the only difference is that by (2.13)
and (2.11),

2\ 12
(PWY (x) (1 —(ai) ) < CrynT(a,)V a, [P, )

n

n
<Cp—I1PWl ., (a)
aﬂ

We close the gap by showing that (4.5) holds even for |x| <a,/2. This
follows from Corollary 3.2 in [3]. It is easy to show that ¢ in [3], the
root of £2Q"(&,) = x, x large, satisfies &,/a, — 1, n — co. So we have shown

172
-3
an

As a, for W?is a, for W, we have

P'(x)? (1 - (f—>2> W2(x)
an

and the result follows. |

max

[—an.an]

n
SCIPWI Ly

max
xeR

= max
[ -an.an)

L]

P'(x)? (1 - (5)2) W2(x)

LEmMMA 42, Fixa=y+4+j,0<y<landj=0,1,2,... Let
u(x):={(1—x%)"7, xe[—1,1], (4.6)

R (x) ;:lz"’<u,i)<1—<"‘ )2),. (4.7)
n a4n a4n

Then there exists C>0 such that for n large enough, and uniformly for

x| Sag,(1—n"?),
2\ x— 172
R.,(X)~<l—<—x-)) /, (4.8)
a4n

2 - 3/2
X
adn
Furthermore, uniformly for |x| <a,,,

2yee— 1 2Ny a—1/2
(1—(")) <CT(a")‘/2(1—<x>) . (4.10)
A4 ay,,

and let

C
IR, (x)| < —

4n

(4.9)
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Proof. We first show (4.8) and (4.9) for « such that j=0 and then
extend that result to arbitrary j=1,2, 3, .... Let

u(x) = (ST = x+1/m)" 2 (JT+x+1/n) . (4.11)

For |x| <a,,(1—n"?),

(T

So, by Lemma 6.3.5 in [9, p.108],

2\Ny—1/2
A u,i>~—-’1_~n<1—<x)> , (4.12)
" a4n un(x/a‘in) a4n

and (4.8) follows when j=0. By (4.12) and (23) in [11, p. 36],

2\ y - 32
a1 X ' _ l)':z(uv x//afin)l <C n 1 X
A, u, = —————-—-—————Az <Cy— — — N
a4n Agn n(u’ x/a4n) a4n Ayn

and (4.9) follows when j=0.
It is easy to show that (4.8) for j=1, 2, 3, ... follows from (4.8) with j =0.
By (4.7), we have

1 VY X\
w0 (0 (2) (-G
na,, A4y A4y
X x V' X x\2Y
(1= S t—(=} },
j ain( <a4n> > nA'" (u a4n>< (04") )

and (4.9) for j=1, 2, 3, ... follows from (4.8) for j=0 and (4.9) for j=0. To
show (4.10), we note that for |x| <a,,,

X a
1_.|__|>1_ 3n

n

2N\ 172
(‘ ‘('X_) ) / > C,/T(a,)"?,
a4n

and (4.10) follows. ||

We remark that Lemma 4.2 is also valid for a =7+, where j= —1,
-2, -3, ...

=Cy/T(a,).

a4n

So,
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LEMMA 4.3. Let We SE*(3), and let o be as in Lemma 4.2. There exists
C >0 such that for Pe &, and n large enough,

)
a4n

< Gy, Ma,)"? (PW)(x)|

a—1

[(PW)(x)|

x—1/2

, (4.13)

)
a4n

uniformly for |x| < as,,.

Proof. This follows from (4.10).

LEmMMA 4.4. Let We SE*(3),n2a,, and define
X 2\ «
W, (x):=W(x) (1 -(;) > , x| <n, a>0 fixed. (4.14)

Let 4, be the Mhaskar-Rahmanov—Saff number for

Q,(x)=Q(x)—alog (1 - (5)2)

Then
a,>d,, (4.15)
and for any Pe?,n=12,3, ..,
X 2N a
max | P(x) W(x)(l —(—) )
[—nnl n
x PANE]
= max |P(x) W(x)(l—(—)) . (4.16)
[ —an, anl n
Proof. For O<x<n,
, . 2(ax/n?) ,
(X)) = X+ ———== Xx).
Q4x)= Q' () +{ 05> Q')
Then
3 el
nZ—J G,10'(G, 1)(1 —12)~ V2 di,
m Jo
and so,

1 3
J' a,1Q'(a,n)(1 —*)~ 172 dt)j a,10'a,n(1 — %)~ .
0 0
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Using the inequality above and the fact that RrQ’'(Rt) increases as Rt
increases, (4.15) follows. By (4.15) and Theorem 2.2(c) and Example 3.3 in
(71, (4.16) follows. {

LeMMa 4.5, Let WeSE*(3). Fix a= 4. Then there exists C>0 such
that for Pe P, and n large enough,
-G
a4n

@)
a4n

Proof. Let R, and « be as in Lemma 4.2. By (4.1), (4.8), and (4.11), and
for (x| <a,,,
)
1 —
a4n

x 2
(@)
a4n
(2
adn
l _( X )2 1/2
a4n
x\?
()
a4n

i
<C, {-"— max |(PR,)(x) W(x)| +
a xeR a4

X

max ’P’(x) Wix)

[ a3 a3a]

a—1/2

h
< C — max
xeR

a,

P(x) W(x)

(4.17)

]

‘P'(x) Wi(x)

o~ 1/2 1/2

=|P'(x) W(x)

x \?
()
a4n

1/2

~ | (P'R,)(x) W(x)

<(|(PR,) (x) Wix)

1/2

+ R, (x)| | (PW)(x)

a—1

(o)
a4n

|P(x) W(x)l}

n N

<Cpff max PR W)
2
1—(:) } (by (4.13) and (2.5))

1_(_";)2 a—1/2 }’
a4n

by (4.16), (4.8), (2.9), and (2.10). Then (4.17) follows from the inequality
above.

x—1/2

T 1/2
" (a,)

4n

P(x) W(x)

P(x) W(x)

n
<C,, {— max

n [ —an. anl
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LEMMA 4.6. Let We SE*(3). Fix a>4. Then there exists C>0 such
that for \x| 2 a,,, Pe2,, and n large enocugh,
()
a4n

Proof. By (5.1} and (5.2) of Theorem 5.1 in [5], and for (x| >a,,,

n a— 172
1P'(x) W(x);sc(fﬁ> ~ T(a,)* max | P(x) W(x) l
x|/ a, xeR

(4.18)

[P'(x) x"W(x)| < max ! [P'(x) x" W(x)|

— a2, A2n
<aj, max |[P(x) W(x)|
[ —a2. az,]

n .
SCzsaSn;l—T(ﬂ,,)““z IPWl,, &  by(1.18)

n

=Cysa;, )2 PW| [y

an]’

a,T(a,

Then (4.18) follows since for |x| <a,,,
TG
(2™ Ay,

x \2\*~ 112
o) IPWi < CosTiany | 2 (1=(25) )

a4n

2N\ & — 1;2
4n

a— 1/2
—(x— 1,2
2 CyTla,) !,

and so

[ —an. an)

<CyT(a,)

3
Ly (R)

by (4.16). §

LEMMa 4.7. Let WeSE*(3). Fix a> 3. Then there exists C>0 such
that for |x| =z a,,, PeP,, and n large enough,

X 2
(@)
a4n

P(x) W(x)

3

}P’(x) W(x)

a— 1,2

(4.19)

@)
a4n

n
< C — max
a xeR
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Proof. By (4.18) and (2.10), and for |x| = a,,,

a

'P’(x) W(x) 1—( al )
a4n
<C 1+( al )2 (“—) " T(a,)*
= * a4n 'Y' an g
X 2)x— 172
x max | P(x) W(x) 1——(——)
xeR a4n

S

2 27 n—2a
a a n
< C?-q [( Zn) +< 2n> jl < Zn) T(an)a
as, a4n a3n an

x 21x— 172
x max | P(x) W(x) |1 _<__>
veR aAn
<C 1(9-2~> " Ta,)"
h 0 an a}n §
X 21x—1/2
x max | P(x) W(x)|1— (—) (4.20)
xeR a4n
It suffices to show that
a, n—2x
(—‘1) T(a,)*—0, n— oC. (4.21)
a}n
By (2.9),
n—2u
(&) " ra,r
a3n
=exp [(n —20) log <a2n> + a log T(a")]
3n

<exp [(n— 2a)(—C,/T(a,))+alog T(an)]

_ n 2_a log T(a,)
‘“p{r(an)[_g‘(l_n)”( " )T(“")]}'

Taking limits as #n— oo and using (2.11), we get (4.21), and so (4.19)
follows from (4.20) and (4.21). |}

THEOREM 4.8. Let We SE*(3). Fix a2 . Then there exists C>0 such
that for Pe &, and n large enough,
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)
a4n

P(x) W(x)

xA

max | P'(x) W(x)

xeR

a—1;2

n
< C — max

a, xeR

(4.22)

()
a4n

Proof. Equation (4.22) follows from (4.17) and (4.19). |

LEMMA 4.9. Fix o, 4,n>0. Then there exists C>0 such that for all

xelR,
21x 2
=) [=ell-G)
aAn aryn

T )
()]

+
a a
sz max { 2nn, 2An} S sz.
2y Ayn

4 T(a,) ] (4.23)

x

£C,, T(a,) ™

If |x| <2 max{a,,, a,,,}, then

(2.

So, (4.23) follows in this case from the two inequalities above. If
|x| > 2 max{a,,,, a,,,}. then |x| >a,,, and so

x 2| X 2a
1— <
adn adn
while
2|« 2x 2(a
X X a
a,m am, X
2a x 2
X 1 x
> (1-=) =C
“\a ( 4) *la

nn nn

These two inequalities together imply

-G

and so (4.23) holds for such x. |

x

3
<Gy

3

()
a,m
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Lemma 4.10. Let ¢, (x):=|1-x’|+1/T(a,), xeR. Fix >0, 6>0.

Then
I3 2
o) ~ /1) + { - (—‘—)
aﬁn a(in

Proof. Obvious. |
Proof of (1.16) of Theorem 1.5. Fix f,4>0. By (4.22), (4.23), and
(1.18),

bP’(x) Wi(x) qo"<;"f—)

Bn

B
forall xeR (4.24)

x

<Cys {IP'(X) Wix)l

X
( a >
4n
< a )
4n

; n
+ T(a,,) e 1'2)21— |PW| 1_,(R)}

n

2
<Cyy = max [P(x)W(x) H 1~ (;"_>

a, An

 T(a,) " |P'(x) W(x)l}

n a - 1/2
<Oy {—— max | P(x) W(x)|
a, xeR

n

x—1/2

+1/T(a,)* ]

and so (1.16) follows from (4.25) above. |
Proof of (1.17) of Theorem 1.6. Fix > 1. By (4.23), (4.22), and (1.19),

(o)
aﬁn

P'(x) W(x)

o4

P(x) W(x)

max
xeR

X

<Cy {max
xeR

o)
1_ —_—
a4n
2
l—(x)
a4n

+ T(a")“" 1/2) HPW” Ln(m}

(&)

+ T(a,) ~la-U2 ) py| [ —an un]},

+T(a,) * max |P'(x) W(x)r}

x—1/2

P(x) W(x)

n
SC”—{max

d, ( xeR

a—1/2

P(x) W(x)

n
<C40——{max

a, ( xeR

and so (1.17) follows from (2.9) since |1—(x/ag)|>1—(a,/a,,)* >
C/T(a,) for |x|<a,. 1
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